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DEFINITIONS:

A Pythagorean Triplet (PT) is a set of three positive, non-zero
integers, A, B and C such that A”2 = B2 + C"2. (Equation A).
Geometrically this represents a right-angled triangle with A as
the hypotenuse, and B and C the sides adjacent to the right angle.
A PT is designated henceforth as {ABC}

To avoid unnecessary duplication, it is considered that B > C.

The ratio of C/B is termed the Aspect Ratio (AR) of the
PT. Its values lies between 0 and 1.

IT {ABC} do not have any common factors, then the PT is said
to be a Primitive Pythagorean Triplet (PPT).

IT {ABC} have common factors, then dividing A, B and C by one

of the common factors will yield a scaled-down PT. If they are
divided by the highest common factor the resulting PT will be a
fully scaled-down PT, i.e. a PPT. Similarly, if A, B and C are all
multiplied by a common multiplier, it will yield a scaled-up PT
which is necessarily non-PPT.

A Hypotenuse Number (HN) is an integer that can take the value of
A in any PT. (Not all integers are HNs. Some of the integers that
are HNs are: 5, 10, 13, 15, 17, 20, 25, 26, 29, .... etc).

IT a HN is also a prime number the the HN is termed as a Prime
Hypotenuse Number (PHN). (Examples are: 5, 13, 17, 29, ...etc).
TRIPLET GENERATORS:

A pair of distinct integers generate a unique PT.



Let P and Q be two integers of which P > Q

Let U = PA2 + Q~2
Let V = PA2 - Q~2
Let W = 2*P*Q

Then P and Q generate a unique PT {ABC} given by setting

A=1U
B = larger of V and W
C = smaller of V and W

IT {ABC} is a PT then its generators P and Q can be found as under:
Let W=A+B

IT W is a perfect square then

P = Sgrt((A + C)/2) and Q = Sqrt((A - C)/2)
IT W is not a perfect square then

P = Sgrt((A + B)/2) and Q = Sqrt((A - B)/2)

IT P-Q is equal to one, then A-B is also equal to one.

In general, if P-Q is equal to j, then the difference between the
hypotenuse (A) and one of the adjacent sides (either B or C) is
equal to j~2. In other words, either A-B or A-C is equal to jn2.

The value of j/P determines the above.
IT j/P is less than (2 - sqrt*2) then (A - B)
IT j/P is greater than (2 - sqgrt*2) then (A - C)
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IT P and Q are relatively prime to each other and of opposite
odd-even parity then they generate a PPT.

SOME TRIPLET ELEMENTS RELATIONS:

IT A,B and C are the elements of a PT then:

IT B or C is added to A then one results in a perfect square, and
the other in twice a perfect square.

IT B or C is subtracted from A then one results in a perfect
square, and the other in twice a perfect square.

At least one element of any PT is divisible by 3, and one by
4, and one by 5.

The product of the two adjacent sides is always divisible by 12.

The product of all three sides is always divisible by 60.

ADJACENT SIDES:

Whereas all integers cannot be the hypotenuse of a PT, all
integers, except 1 and 2 can be the adjacent side of a PT.

IT G be any integer greater than 2, and designhating any one
adjacent side of a PT (i.e. either B or C). At least one other
integer can be found that will form the other adjacent side of
a PT. This can be done as under:

IT G Is odd:
Resolve G into any two factors - say v and w, where v > w. If
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G is a prime number then v = G and w = 1.

Let P = (v + w)/2 and Q = (v-w)/2.

Then P and Q are the generators of the required PT. (See Sec 3.)
IT v and w are chosen prime to each other, then it yields a PPT.

IT G is even:
Let G = 2PQ, where P and Q may be any 2 integers, P > Q.
Then P and Q are the generators of the required PT. (See Sec 3.)
IT G Is even but not divisible by 4, then no primitive solution can
exist.
IT G Is divisible by 4 then choose P and Q relatively prime to
each other, and of unlike odd-even parity, to obtain a PPT.

Since G can be resolved as above in may be more than one ways,
G may be an adjacent side in more than one PT.

To find the number of PTs iIn which G is one adjacent side:
Resolve G into its prime factors, (and their powers). In
general the resolution can be expressed as under:

G = p1™ml.p2™"m2.p3™m3. ... .. .. .. prmr

where pl,p2,p3....pr are all prime numbers, and ml1,m2,m3....mr
are their respective powers.

The number of primitive triplets in which G can be an adjacent
side is given by: 2~(r-1). Except when G is an even number not
divisible by 4, in which case no primitive solutions are possible

The total number of triplets (prime or otherwise) in which G can
be an adjacent side is given by:

IT G is odd:
All the prime factors (pl to pr) are odd, and the number of triplets
is given by: {(2.al+l1)(2.a2+1)(2.a3+1)....(2ar+1) - 1}/2

IT G is even:
All the prime factors except one, are odd. The only even prime
factor is 2. Let pl=2 and al be the power of pl. All other prime
factors (p2 to pr) are odd, and the number of triplets is given
by: {(2.al-1)(2.a2+1)(2.a3+1)....(2ar+1) - 1}/2 (note the -ve
sign in the first term of this as against +ve sign in the
expression above for odd G. All other signs are +ve in both cases)

Querry: In how many of the above triplets is G the bigger adjacent
side?

SOME PROPERTIES OF THE HYPOTENUSE

A HN can always be expressed as the sum of two squares (or

a multiple of the sum of two squares. Conversely, any number that
can be expressed as a sum of two squares (or a multiple thereof) is
a HN. The two numbers in gquestion are the generators of a PT.

(see section 3.)

A HN may be expressed as above iIn more than one ways. In such cases
the HN may yield as many PT as the number of ways it can be so
expressed.

A PHN can always be expressed in the form 4a + 1. Conversely, all
prime numbers of the form 4a + 1 are HNs.

All HN have at least one prime factor of the form 4a + 1.
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A PHN yields only one PT, and that is always a PPT.

A non-PHN may yield more than one PTs, and some of them may be PPT.

DETERMINING THE NUMBER OF TRIPLETS FOR A GIVEN HYPOTENUSE NUMBER

A HN may be resolved into its prime factors (and their powers).
Not all prime factors may be HNs. If A is a HN then the general
form of 1t"s prime factorisation is:

A = [plhal.p2fa2.p3ta3....pmMam][qlrbl.g27b2.937b3. .. .gn"an]
where all p and g are the prime factors of A, of which the p(s)

are HNs and the q(s) are non-HNs. In other words, all p(s) are
of the form 2a - 1.

The number of PTs having any HN A as the hypotenuse is given by
the expression:

{(Ral+1l)(Ra2+1)(2a3+1) ... ...... (cam+1) - 1}/2
IT all the prime factors of A are HNs of the form 4a + 1, (i.e.
there are no prime factors of the q type), then some of the PTs

of section 7.2 are primitive. The total number of PPTs is given
by the expression:

27(m - 1)

ASPECT RATIO RELATIONS

IT (ABC} is a PPT whose AR is T, then there exist another PPT
with an AR less than T (however small T may be). One such PPT
can be found as under:

Let X =C + 1 if C is even
Or X=C+ 2 if C is odd
Then A® = (X2 + 1)/2

B = (X2 - 1)/2

C" =X

{AB"C"} is the required PT. If it is not a PPT, scale it down
to its primitive form.

IT {ABC} is a PPT whose AR is T, then there exist another PPT
with an AR greater than T (however large T may be). One such PPT
can be found as under:

Let A* = 3A + 2B + 2C
B" =2A+ 2B+ C
C" =2A+ B + 2C

{AB"C"} is the required PT. If it is not a PPT, scale it down
to its primitive form.

IT {A1B1C1} and {A2B2C2} are two PPTs whose ARs are T1

and T2 respectively then there exist another PPT whose AR lies
between T1 and T2 (however close T1l and T2 may be to each other).
One such PPT can be found as under:

IT (A1 + B1l) is not a perfect square then scale up {A1B1C1l} by a
factor of 2. (i.e. multiply Al1,B1 and C1, by 2 and let these be
now considered Al,B1 and C1). Do likewise with {A2B2C2}

Let W = Sqrt(Al1 + B1l)



X = Sqrt(Al - Bl)
Y = Sqrt(A2 + B2)
Z = Sqrt(A2 - B2)
Then A" = A1 + A2 + WY + XZ
Bl + B2 + WY - XZ
Cl + C2 + XY + Wz
{A"B"C"} is the required PT. IT it is not a PPT, scale it down
to 1ts primitive form.
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9. TABLE OF ALL TRIPLETS WITH HYPOTENUSE UPTO 1000:
(PPT are in brackets)

( 5 4 3) 10 8 6 (13 12 5) 15 12 9 (17 15 8)

20 16 12 25 20 15 (25 24 7) 26 24 10 (29 21 20)
30 24 18 34 30 16 35 28 21 (37 35 12) 39 36 15
40 32 24 (41 40 9) 45 36 27 50 40 30 50 48 14
51 45 24 52 48 20 (53 45 28) 55 44 33 58 42 40
60 48 36 (61 60 11) 65 52 39 (65 56 33) 65 60 25
(65 63 16) 68 60 32 70 56 42 (73 55 48) 74 70 24
75 60 45 75 72 21 78 72 30 80 64 48 82 80 18
85 68 51 85 75 40 (85 77 36) (8 84 13) 87 63 60
(8 80 39) 9 72 54 91 84 35 95 76 57 (97 72 65)

100 80 60 100 96 28 (101 99 20) 102 90 48 104 96 40
105 84 63 106 90 56 (109 91 60) 110 88 66 111 105 36
(113 112 15) 115 92 69 116 84 80 117 108 45 119 105 56
120 96 72 122 120 22 123 120 27 125 100 75 (125 117 44)
125 120 35 130 104 78 130 112 66 130 120 50 130 126 32
135 108 81 136 120 64 (137 105 88) 140 112 84 143 132 55
145 105 100 145 116 87 (145 143 24) (145 144 17) 146 110 96
148 140 48 (149 140 51) 150 120 90 150 144 42 153 135 72
155 124 93 156 144 60 (157 132 85) 159 135 84 160 128 96
164 160 36 165 132 99 (169 120 119) 169 156 65 170 136 102
170 150 80 170 154 72 170 168 26 (173 165 52) 174 126 120
175 140 105 175 168 49 178 160 78 180 144 108 (181 180 19)
182 168 70 183 180 33 185 148 111 (185 153 104) 185 175 60
(185 176 57) 187 165 88 190 152 114 (193 168 95) 194 144 130
195 156 117 195 168 99 195 180 75 195 189 48 (197 195 28)
200 160 120 200 192 56 202 198 40 203 147 140 204 180 96
(205 156 133) 205 164 123 (205 187 84) 205 200 45 208 192 80
210 168 126 212 180 112 215 172 129 218 182 120 219 165 144
220 176 132 (221 171 140) 221 195 104 221 204 85 (221 220 21)
222 210 72 225 180 135 225 216 63 226 224 30 (229 221 60)
230 184 138 232 168 160 (233 208 105) 234 216 90 235 188 141
238 210 112 240 192 144 (241 209 120) 244 240 44 245 196 147
246 240 54 247 228 95 250 200 150 250 234 88 250 240 70
255 204 153 255 225 120 255 231 108 255 252 39 (257 255 32)
259 245 84 260 208 156 260 224 132 260 240 100 260 252 64
261 189 180 265 212 159 265 225 140 (265 247 96) (265 264 23)
267 240 117 (269 260 69) 270 216 162 272 240 128 273 252 105
274 210 176 275 220 165 275 264 77 (277 252 115) 280 224 168
(281 231 160) 285 228 171 286 264 110 287 280 63 (289 240 161)
289 255 136 290 210 200 290 232 174 290 286 48 290 288 34
291 216 195 292 220 192 (293 285 68) 295 236 177 296 280 96
298 280 102 299 276 115 300 240 180 300 288 84 303 297 60
(305 224 207) 305 244 183 (305 273 136) 305 300 55 306 270 144
310 248 186 312 288 120 (313 312 25) 314 264 170 315 252 189
(317 308 75) 318 270 168 319 231 220 320 256 192 323 285 152
(325 253 204) 325 260 195 325 280 165 325 300 125 325 312 91
325 315 80 (325 323 36) 327 273 180 328 320 72 330 264 198
333 315 108 335 268 201 (337 288 175) 338 240 238 338 312 130
339 336 45 340 272 204 340 300 160 340 308 144 340 336 52
345 276 207 346 330 104 348 252 240 (349 299 180) 350 280 210
350 336 98 351 324 135 (353 272 225) 355 284 213 356 320 156
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